The effect of interfacial heat exchange on thermocapillary flow in a cylindrical liquid bridge of 1 cst silicone oil (with Prandtl number 16.0) with aspect ratio 1.8 in microgravity, was investigated in an extended range of Biot number. With both constant and linearly distributed ambient temperature, the computed results predict that the marginal stability curve for the thermocapillary flow exhibits a roughly convex trend. In the range of small Biot number, however, a sharp local maximum exists with a special oscillation mode of azimuthal wave number m = 0, in contrast to the other cases with m = 1. In addition, the normalized ''thermal'' energy balance between the basic state and the critical perturbation of the thermocapillary flow was investigated. Finally, the effect of the interfacial heat exchange on the thermocapillary flow in a liquid bridge of low Prandtl number fluid in microgravity was investigated as a comparison.
Introduction
A liquid bridge model consists of a liquid column floating between two differently heated solid rods (see Fig. 1 ). It was initially introduced to mimic half of the floating zone technique for space materials science [1] , and has now become one of the typical models for the investigation, both experimentally and theoretically, of the principles of thermocapillary flow. Motivated by the experimental work of Chun and Wuest [2, 3] and Schwabe et al. [4, 5] , extensive theoretical studies (e.g. linear instability analyses [6] [7] [8] [9] , energy stability analyses [10, 11] and direct numerical simulations [12] [13] [14] ) have established that an axisymmetric (2D) stationary thermocapillary flow first loses its stability to an asymmetric (3D) stationary flow, then to an oscillatory flow in liquid bridges of low Prandtl number fluids (Pr 6 0.06), while it transits to oscillatory flow directly in liquid bridges of higher Prandtl number fluids. However, the corresponding critical conditions determined through the theoretical studies do not give quantitative agreement with the experimental results, especially for high Prandtl number fluids. It should be noted that most of the theoretical studies were carried out with an adiabatic free-surface assumption, in other words there is no interfacial heat exchange on the free surface. In practice interfacial heat exchange in the experiments, especially under high temperature conditions, may play an important role in the fluid dynamics [15] [16] [17] [18] [19] [20] . Kamotani et al. [15, 19] investigated experimentally the effect of interfacial heat exchange in liquid bridges of high Prandtl number fluids, taking into account the ambient air flow. They calculated the average interfacial heat transfer rate with respect to the dimensionless average Biot number (Bi), and found that the critical Marangoni number decreased with increasing heat-loss to the environment in the range of average Bi less than 1.5, while the critical Marangoni number was only slightly affected by increasing heat-gain from the environment. Melnikov and Shevtsova [17] investigated numerically the effect of interfacial heat exchange on coupled thermocapillary flow and buoyancy flow in a cylindrical liquid bridge (Pr = 14 and C = 1.8) with a constant ambient temperature (the effect of free-surface deformation was ignored) [20] . They found that the heat-loss serves as a stabilizing effect on the flow at large Bi (Bi P 5) contrary to the destabilizing effect at small Bi (Bi 6 2). Kousaka and Kawamura [18] studied numerically thermocapillary flow in a liquid bridge (Pr = 28.1 and C = 1.0) in microgravity with a linearly distributed ambient temperature. The destabilization of thermocapillary flow by interfacial heat-loss in the range of small Bi (Bi < 1) was also found. However, due to the computational task of 3D direct numerical simulations, the results available in Ref. [18] are still fragmentary (there are only two data points in the range 0 < Bi < 1 where steep variation of the marginal curve occurs, according to the present study). However, with the aim of manipulation of oscillatory thermocapillary flow in a liquid bridge through external application of forced gas flow, which closely relates to the effect of interfacial heat exchange, a space experiment co-operated by ESA and JAXA researchers is scheduled in ISS in the near future, and the corresponding preliminary theoretical studies are necessary due to the scarce space experiment opportunities. In the present study, linear stability analyses were conducted to investigate the dependency of the critical conditions of thermocapillary flow on interfacial heat exchange in a liquid bridge of a high Prandtl number fluid in microgravity, with both constant and linearly distributed ambient temperature. Moreover, the normalized ''thermal'' energy balance between the basic state and the critical perturbation of thermocapillary flow was investigated. Finally, the effect of interfacial heat exchange on thermocapillary flow in a liquid bridge of low Prandtl number fluid in microgravity was investigated as a comparison. Fig. 1 shows a schematic diagram of the liquid bridge of the 1 cst silicone oil (C = 1.8, Pr = 16.0) adopted in the present study. The thermo-physical properties of the silicone oil are listed in Table 1 . With the unitary volume ratio usually adopted in the space experiment, the liquid column is cylindrical. The length, velocity, pressure and time are scaled by R, 
Governing equations and numerical schemes
The corresponding boundary conditions are as follows:
For the linear stability analysis, the basic axisymmetric steady state, X ¼ fŨð r; z Þ ¼ Uẽ r þ Wẽ z ; Pðr; zÞ; Tðr; zÞg, is first determined for a given set of parameters (Ma and Bi). Then small threedimensional disturbances are imposed on the basic state, and the corresponding equations are linearized by neglecting high orders of the disturbances. The disturbances are assumed to be in the normal modes: 
0m ðr; zÞ p 0m ðr; zÞ T 0m ðr; zÞ
The discrete form of the linearized equations can be written as a generalized eigenvalue problem:
gðx; X; Ma; m; BiÞ Ax ¼ rðmÞBx: The eigenvalues and the related eigenfunctions of the problem are solved by the Arnoldi method [21] . For a non-symmetric eigenvalue problem, a direct method like QZ algorithm destroys the sparse structure of the problem and involves extensive computation task work which becomes impractical for large system. The Arnoldi method finds the desired eigenvalues through subspace iteration. Since we only concern about the extremal eigenvalue in our linear stability analysis, and the sparse structure of the problem, the Arnoldi method is a proper method to be adopted. And the success of its application has been demonstrated by our previous work [20, 22] . The critical Marangoni number (Ma c ) is obtained when the maximum of the real part of r(m) for all m is zero. In practice, the azimuthal wave number m for the critical mode is not very large, and we calculated only for 0 6 m 6 4. The details of the linear stability analysis can also be found in [22] . In order to properly resolve the boundary layers at both solid ends, a non-uniform mesh with denser grid points near the solid ends and the free surface was adopted in this study. The total grid number is N r Â N z ¼ 81 Â 141. The detailed code validation can be found elsewhere [20, 22] .
To better understand the energy balance between the basic state of thermocapillary flow and the critical temperature perturbation, the rate of ''thermal'' energy change (E th ) of the critical disturbance [7, 9, 10] was investigated: the thermal disturbance equation was multiplied by the temperature disturbance and integrated over the volume of the liquid bridge (X), 
the interactive term between the basic thermal state and the disturbance, which indicates the energy transfer from the basic thermal field to the temperature disturbance field by the disturbance velocity. Moreover, the distribution density of J 1 and J 2 can be introduced as j 1 and j 2 through
A similar procedure can be used for kinetic energy balance [10, 20] . However, the thermal energy balance is the focus for the liquid bridge of high Prandtl number fluids as in the present study [10] .
Results and discussion
We studied the thermocapillary flow in a cylindrical liquid bridge in microgravity with heat transfer through the free surface. First, the case with constant ambient temperature ðT amb ¼ T cold Þ [17] was investigated. Fig. 2 shows the isotherms and streamlines of the basic steady axisymmetric field at the critical state for different Biot number. The isotherms crowd at the cold corner and nearly linearly distribute at the hot end except in the hot corner. In this case, the interfacial heat transfer is always heat-loss from the liquid bridge to the environment. The interfacial heat exchange pulls up the isotherms at the cold corner and enhances the axial temperature gradient at the hot end. Fig. 3 shows the Biot number dependent critical Marangoni number. In the range of intermediate and large Bi, the profile of the critical Marangoni number exhibits a convex trend, i.e. the critical Marangoni number firstly decreases with increasing Biot number up to Bi = 1.5, followed by an approximately linear increase. However, in the parameter range studied, the effect of heat-loss is not sufficiently intensive to stabilize thermocapillary flow with respect to the adiabatic case [17] . On the other hand, in the range of small Biot number, the critical Marangoni number increases rapidly with decreasing heat-loss, then drops sharply to that of the adiabatic case. This phenomenon is qualitatively consistent with experimental predictions [19] where Wang et al. also found that the critical Marangoni number decreases substantially when the modified average Biot number over the free surface changes from positive to zero.
Noting that the disturbances must vanish at the solid ends, the magnitude of the disturbances near the solid ends should be smaller than in the bulk region. The stability properties of the basic flow are mainly determined by the ''effective'' temperature difference in the middle part of the liquid bridge [23] where the largest disturbances exist. From this viewpoint, the temperature gradient at the middle part of the free surface was investigated (see Fig. 4 ). It was discovered that the temperature gradient at the middle part of the free surface increases with increasing Biot number in the range Bi P 0:4. Hence with the same applied temperature difference the effective temperature difference at the middle part of the free surface is larger for the case with larger Bi, and the corresponding basic flow tends to be destabilized. On the other hand, according to the boundary condition of the thermal perturbation at the free surface:
whenever a positive temperature disturbance arises somewhere on the free surface, it is accompanied by an increase of heat-loss through that part, and vice versa. Therefore, interfacial heat exchange restrains development of the temperature disturbance. To verify these remarks, Fig. 3 also shows the computed results with the Bi in Eq. (10) (but not in the basic state equations) set to zero. With the same basic flow, the interfacial heat exchange significantly stabilizes thermocapillary flow, and the stabilization effect becomes intensive with increasing Biot number. Practically, the major convex tendency of the Ma c profile could be due to competition of the two mechanisms mentioned above. However, the appearance of the local maximum of Ma c in the range of small Biot numbers, could not be explained either in experimental studies [15, 19] or in the present study. Some interesting phenomena should be noted. One is that the temperature gradient distribution exhibits an undulation at the middle part of the free surface in the range of small Biot number (see Fig. 4 ). This configuration transition coincidentally corresponds to appearance of the local maximum of the Ma c profile.
The other phenomenon is a special axisymmetric oscillation mode with azimuthal wave number m = 0 that dominates the peak region of the neutral stability boundary, contrary to the other cases with m = 1. Fig. 5c shows the corresponding distributions of the velocity and temperature disturbances at the horizontal middle plane z ¼ C 2 . For the Bi = 0.3 case, the axisymmetric nature of the perturbations is obvious. There is no azimuthal velocity disturbance and the other disturbances are equally distributed azimuthally. However, the detailed relationships between the above phenomena and the local maximum of the Ma c profile need further investigation.
To better understand energy transfer between the basic thermal field and the temperature disturbance of the thermocapillary flow, the normalized ''thermal'' energy balance was investigated. In all cases studied, the term Q which indicates the energy transfer through the free surface is relatively small (in the order of 10 À2 ). The temperature disturbances on the free surface are strongly restrained. Fig. 5a shows that the radial temperature gradient of the basic thermal field is significant in the center and both the hot and cold corners of the liquid bridge, while the axial temperature gradient is significant in the hot end and cold corner. According to Eq. (9), J 1 is the energy transfer to the temperature disturbance from the radial temperature distribution of the basic thermal field by the radial velocity disturbance, while J 2 is the energy transfer to the temperature disturbance from the axial temperature distribution of the basic thermal field by the axial velocity disturbance. Therefore, for the cases with the oscillatory mode of m = 1 (see Fig. 5b ), J 1 has its maximum distribution density in the center of the liquid bridge, and makes the major contribution to the disturbance energy which always serves as the destabilizing effect. J 2 has its maximum distribution density in the cold corner, and compared to J 1 makes a less important contribution to the disturbance energy. For instance, J 1 is 0.75 and 1.1 for Biot number 0.2 and 0.5 respectively, and correspondingly J 2 is 0.25 and À0.1, respectively. On the other hand, for the cases with oscillatory mode of m = 0, in the center of the liquid bridge, the velocity disturbance is nearly parallel to the basic thermal contours, and both J 1 and J 2 have maximum distribution density in the cold corner. In the case of Bi = 0.3, for instance, J 1 equals 0.1 and J 2 equals 0.9, so that the major contribution to the disturbance energy is from J 2 instead of J 1 .
Secondly, the case with linearly distributed ambient temperature ðT amb ¼ z=C À 0:5Þ [18] was investigated. In this case, heat-loss to the environment occurs at the lower part of the free surface, while heat-gain occurs from the environment at the upper part. With increasing interfacial heat exchange, the isotherms and streamlines of the two-dimensional axisymmetric convection (not shown) at the corresponding Ma c behave quite similarly to the case with the constant ambient temperature ðT amb ¼ T cold Þ, and likewise for the temperature gradient distributions on the free surface (see Fig. 6 ). Fig. 3 shows the heat transfer dependent Ma c . (Fig. 3 also shows the computed results with Bi in Eq.(10) set to zero). The Ma c profile exhibits a roughly similar tendency to the case with constant ambient temperature, except for the much flattened slope of the profile in the range of large Bi. Moreover, the special oscillation mode of m = 0 dominates the peak region of the neutral stability boundary, unlike the other cases with m = 1. Fig. 7 shows the computed results for the disturbances distribution. Similar to the constant ambient temperature case, in the global energy contributions of the terms in Eq. (9), energy transfer through the free surface Q is relatively small (in the order of 10 À2 ), while the major contribution to the disturbance energy for the cases of m = 1 is from J 1 which always serves as a destabilizing effect. J 2 also makes a contribution to the disturbance energy, but with less importance compared to J 1 . On the other hand, for the cases of m = 0, the major contribution to the disturbance energy is from J 2 , and J 1 makes a much smaller contribution to the disturbance energy.
Finally, the effect of the interfacial heat exchange on the thermocapillary flow in liquid bridge of low Prandtl number fluid in microgravity was also studied as a comparison. The details of the physical model and mathematical formulation can be found in [24] . Fig. 8 shows the computed results for a liquid bridge ðC ¼ 2:0Þ of molten tin (Pr = 0.009). The melting point of tin is 750 K. The ambient temperature is assumed to be 300 K, hence thermal radiation (e is assumed to be 0.1) plays the major role in interfacial heat exchange in this case. With the adiabatic melt free surface, the critical Reynolds number is determined as Re c ¼ 2819 with critical oscillation frequency f c = 0.468 Hz. When interfacial radiation is taken into account the critical Reynolds number is determined as Re c ¼ 2828 with f c = 0.474 Hz. The deviation between the critical Reynolds numbers is less than 1%. Consequently, unlike the case of the liquid bridge of high Prandtl number fluids, the effect of interfacial heat exchange on the onset of oscillatory thermocapillary flow in a liquid bridge of low Prandtl number fluids in microgravity is insignificant.
Conclusions
The effect of interfacial heat exchange on the onset of oscillatory thermocapillary flow in a cylindrical liquid bridge formed by 1 cst silicone oil (Pr = 16.0) with aspect ratio 1.8 in microgravity was investigated in an extended range of Biot number. With both constant and linearly distributed ambient temperatures, the computed results predict that interfacial heat exchange plays an important role in oscillatory thermocapillary flow in liquid bridges of high Prandtl number fluids. The corresponding marginal stability boundary exhibits a roughly convex trend with increasing Biot number. However, a sharp local maximum exists in the range of small Biot number where a special oscillation mode of m = 0 dominates, contrary to the other cases with m = 1. For the case of m = 1, the major destabilizing contribution to the disturbance energy is from the energy transfer from the radial temperature distribution of the basic thermal field in the center of the liquid bridge by the radial velocity disturbance. For the case m = 0 the major destabilizing contribution is from the energy transfer from the axial distribution of the basic thermal field in the cold corner of the liquid bridge by the axial velocity disturbance. Moreover, the effect of interfacial heat exchange on thermocapillary flow in a liquid bridge of low Prandtl number fluid in microgravity was also investigated as a comparison, and predicted to be insignificant. 
